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Abstract
Using the QCD dipole picture of the BFKL pomeron, the cross-
section of single diffractive dissociation of virtual photons at high en-
ergy and large diffractively excited masses is calculated. The calcu-
lation takes into account the full impact-parameter phase-space and
thus allows to obtain an exact value of the triple BFKL Pomeron ver-
tex. It appears large enough to compensate the perturbative 6-gluon
coupling factor
(
α
π
)3
thus suggesting a rather appreciable diffractive
cross-section.
1. Among the resummation properties of the perturbative expansion of QCD,
it has been shown that QCD predictions for onium-onium scattering at high
energy can be obtained using the QCD dipole picture [1, 2, 3], equivalent
to BFKL dynamics [4]. In these processes, an onium is considered to be a
q− q¯ state of small transverse diameter (i.e. large mass scale) r0 ≈ 2/Q0.
In the same framework, deep inelastic γ∗-onium scattering can be calculated
considering a fluctuation of γ∗ into q− q¯ components of transverse diameter
r¯ ≈ 2/Q and its interaction with the onium through BFKL dynamics. Inter-
estingly enough, q− q¯ -onium scattering with two a-priori different scales r0
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and r¯ leads to a pattern of scaling violations of the onium structure functions
at small xBj similar [5] to those observed with the proton at HERA.
Indeed, it is known since some time that the data on total γ∗ − p cross-
section [6] can be successfully described [5] by the formula derived [5, 7] in
the QCD dipole picture
F2(xBj , Q
2) =
11π
64
Nα2e2fneff e
∆P Y
(
2a(Y )
π
) 1
2 Qr0
2
e−
a(Y )
2
ln2(r0Q/2) (1)
where
Y = ln
(
c
xBj
)
(2)
and c is a constant fixing the scale of rapidity in the process. Furthermore,
a(Y ) =
π
7αNζ(3)Y
, 1 + ∆P = 1 +
4αN
π
ln 2 (3)
is the BFKL pomeron intercept, α is the strong coupling constant (treated
as a fixed number), N = 3 is the number of colours and e2f is the sum of
the squares of charges of the quarks participating in the process. neff is the
effective number of dipoles in the proton and r0 is their average transverse
diameter. Eq.(1) contains 4 unknown parameters: ∆P , c, neff and r0. Three
of them can be fixed by a fit to the data [5, 8]1.
2. This success of the dipole picture invites one to apply it to other
diffractive processes. The high-mass diffractive dissociation of virtual pho-
tons is both theoretically [2, 9, 10] and experimentally [11] an attractive case
to study. In a recent paper by two of us [9] a formula has been derived for
this cross-section in the limit of large impact parameters. This allowed to
study its general properties but, unfortunately, could not give a well justified
normalization of the integrated cross-section which is being measured in ex-
periment. Indeed, it was shown already for the total γ∗-onium cross-section
that the region of impact parameter comparable to that of the two colliding
onia plays an important role in the process and must be treated with a great
care [12]. We shall see below that the same is true for the diffractive process
we consider.
1The presently accepted values are [8]: ∆P = .282, c = 1.75, neffe
2
f = 3.8, Q0 ≡
2
r0
= .522 GeV.
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In the present investigation we calculate the cross-section directly, with-
out relying on the large impact parameter approximation. For the diffractive
structure function we obtain
dFDT,L
d2k
=
Q2
4π2αem
x−1P
dσ(xBj , xP , Q
2, k)
dyd2k
=
α5N2e2f
8π7
n2eff e
2∆P yx−1P
(
2a(y)
2π
)3
×r2eff (k)e
−a(y) ln2(kreff (k)/2)
∫
dγ¯
2πi
(
Q
k
)2−γ¯
β−∆(γ¯) g3P(γ¯)ST,L(γ¯), (4)
where
∆(γ) =
αN
π
{2ψ(1)− ψ(1− γ/2)− ψ(γ/2)} , (5)
SL(γ) =
2Γ4(1 + γ/2)Γ2(2− γ/2)
Γ(4− γ)Γ(2 + γ)
Γ(1− γ/2)
Γ(γ/2)
,
ST
SL
=
(1 + γ/2)(2− γ/2)
γ(1− γ/2)
(6)
describe the coupling to the photon and
y = ln
(
c
xP
)
,
xBj
xP
≡ β =
Q2
M2 +Q2
. (7)
g3P is the multidimensional integral related to the triple BFKL Pomeron
interaction [13]:
g3P(γ¯) =
∫
d2x
| x+ || x− |
∫
d2s
| s+ || s− |
∫
d2s′
| s′+ || s
′
− |
| s− − s
′
− |
γ¯−2 (8)
with
x± = x±
n
2
, s± = s±
x+
2
, s′± = s
′ ±
x−
2
. (9)
n being an arbitrary unit vector.
reff (k) describes the Pomeron coupling to the target,
reff (k) =
∫
rd2rd2seik·s Φ(r, s) W (k, r, 1), (10)
where Φ(r, s) is the normalized distribution of transverse sizes r and positions
s of the dipoles in the target. Finally,
W (k, x, γ) =
∫
d2se−iks(| s+
x
2
|| s−
x
2
|)−γ (11)
3
is the Fourier transform of the conformal eigenvectors, which give the exact
solution of the BFKL equation in impact-parameter-space [14].
In the interesting triple-pomeron limit β → 0 one can evaluate the path
integral in (4) by the saddle point method (at γ¯ ≈ 1) with the result
dFDT,L
d2k
= hT,L
α5N2
211π4
e2f n
2
eff r
2
eff (k) e
−a(y) ln2(kreff (k)/2) g3P(1)
Q
k
e2∆P yx−1P
(
2a(y)
π
)3 (
2a(Y −y)
π
) 1
2
β−∆P e−
a(Y−y)
2
ln2(Q/k) (12)
where hT = 9/2, hL = 1. The triple-Pomeron integral g3P(1) has been cal-
culated either analytically by two different methods [15, 16] or by numerical
Monte-Carlo integration [17]. The analytical methods yield
g3P(1) ≡ 16π
5
4F3(
1
2
,
1
2
,
1
2
,
1
2
; 1, 1, 1; 1)×
×
∂
∂ǫ
Γ
(
1
2
− ǫ
)
Γ (1− ǫ)
4F3(
1
2
− ǫ,
1
2
,
1
2
,
1
2
; 1− ǫ, 1, 1; 1)|ǫ=0 ≈ 7766 (13)
where 4F3 is the generalized hypergeometric function.
3. Let us now outline the derivation of Eqn.(4). For clarity we restrict
ourselves to the case of a simple dipole target of transverse diameter r0. The
generalization to a general target (onium, proton, etc...) can be done on the
same lines, as indicated at the end of this section.
Following [2], one writes
dσ
dyd2k
= (2π)−2 F˜d(r¯, r0, Y, y, k), (14)
with
F˜d(r¯, r0, Y, y, k) =
∫
dx
x
dx′
x′
dx¯
x¯
dx¯′
x¯′
τ(x, x¯)τ(x′, x¯′)d2sd2s′
n˜1(r0, x, y∗, k)n˜1(r0, x
′, y∗,−k)n˜2(r¯, x¯, x¯
′, Y − y∗, y − y∗, k) , (15)
where n˜1 and n˜2 are single and double dipole densities in the colliding dipoles
with rapidities y∗ and Y −y∗ respectively (note that the final result is inde-
pendent of y∗). τ is the two-gluon exchange dipole-dipole amplitude.
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The equation for n˜2 is given in [2] (Eq.52). It can be solved by the
methods of Refs. [3, 15] with the result
n˜2(r¯, x¯, x¯
′, Y, y, k) =
αN
π2
∫
dγ¯
2πi
r¯γ¯e∆(γ¯)(Y−y)
∫
dx01
x01
x−γ¯01
∫
d2x2x
2
01
x212x
2
02
eikx01/2n˜1(x02, x¯, y, k)n˜1(x12, x¯
′, y, k) (16)
where the complex integral over γ¯ goes from 1− i∞ to 1 + i∞.
To calculate the integrals over x, x′, x¯, x¯′, s, s′ we use twice the identity
[19]
F˜ (1)(x01, x
′
01, Y, k) =
∫
dx
x
dx′
x′
τ(x, x′)n1(x01, x, Y −y, k)n1(x
′
01, x
′, y, k) (17)
where F˜ (1)(x01, x
′
01, Y, k) is the dipole-dipole amplitude at fixed momentum
transfer. We thus obtain
F˜d(r¯, r0, Y, y, k) =
αN
π2
∫
dγ¯
2πi
r¯γ¯e
αN
pi
χ(γ¯)(Y−y) 1
2π
∫
d2x01
x201
x−γ¯01 e
ikx01/2
∫ d2x2x201
x212x
2
02
F˜ (1)(r0, x02, y, k)F˜
(1)(r0, x12, y,−k) (18)
where [12]:
F˜ (1)(r, r′, y, k) = −
α2
π
rr′
∫
dγ
2πi
e∆(γ)y
(
r
r′
)γ−1
(1− γ)2h(γ)
W (k, r, γ)W (k, r′, 2− γ) (19)
with
h(γ) =
4
(2− γ)2γ2
. (20)
Here it is worth to stress that the formula (19) with W (k, x, γ) given by
(11) is exact (within the approximations inherent in the dipole approach). It
is at this point that we deviate from the treatment of Ref.[9] where, following
[3] the factor (| s + x
2
|| s − x
2
|)−γ in (11) was replaced by its asymptotic
form | s |−2γ . This simplification allowed a first estimate of the solution but,
while removing the singularities at s = ±x
2
, it changed the absolute value of
the integral.
5
Substituting (19) into (18) we obtain
F˜d(r¯, r0, Y, y, k) =
α5N
π4
(r0)
4
∫
dγ¯
2πi
r¯γ¯e∆(γ¯)(Y−y)∫ dγ
2πi
e∆(γ)yW (k, r0, 2− γ)r
−γ
0 (1−γ)
2h(γ)
∫ dγ′
2πi
e∆(γ
′)yW (−k, r0, 2−γ
′)r−γ
′
0 (1−γ
′)2h(γ′)Z(k, γ¯, γ, γ′) (21)
where
Z(k, γ¯, γ, γ′) =
1
2π
∫
d2x01
x201
x−γ¯01 e
ikx01/2
∫
d2x2
x201
x212x
2
02
xγ02W (k, x02, γ)x
γ′
12W (−k, x12, γ
′). (22)
Using now (11) one can perform the integration over d2x01 and sort out the
dependence of Z on k. One obtains
Z(k, γ¯, γ, γ′) = 23−γ¯−γ−γ
′
kγ¯+γ+γ
′−4 Γ(2−
γ¯+γ+γ′
2
)
Γ(−1 + γ¯+γ+γ
′
2
)
g3P(γ¯, γ, γ
′) (23)
where (c.f. definition (9))
g3P(γ¯, γ, γ
′) =
∫
d2x
| x+ |2−γ| x− |2−γ
′
∫
d2s
(| s+ || s− |)
γ
∫
d2s′
(| s′+ || s
′
− |)
γ′
| s− − s
′
−
|γ¯+γ+γ
′−4 . (24)
It is not difficult to modify this result to account for targets composed of
dipoles. One simply has to integrate over the distribution of the dipoles in
the target. Consequently Eqn. (21) becomes:
F˜d(r¯, Y, y, k) =
8α5N
π4
k−4
∫ dγ¯
2πi
(
kr¯
2
)γ¯
e∆(γ¯)(Y−y)
∫
dγ
2πi
e∆(γ)y
(
kreff (k, γ)
2
)γ
(1− γ)2h(γ)
∫
dγ′
2πi
e∆(γ
′)y
(
kreff(k, γ
′)
2
)γ′
(1− γ′)2h(γ′)
Γ(2− γ¯+γ+γ
′
2
)
Γ(−1 + γ¯+γ+γ
′
2
)
g3P(γ¯, γ, γ
′)(25)
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where
rγeff (k, γ) =
∫
r2−γd2rd2seik·s Φ(r, s) W (k, r, 2− γ). (26)
Since the formula (25) is anyway valid only in the limit xp → 0, the next
natural step is to evaluate the integrals over γ and γ′ by the saddle point
method. When the result is sandwiched between the photon wave functions
[20] and integrals over r¯ and quark light-cone fractions performed, one obtains
(4).
4. In conclusion, using the technique of the QCD dipole picture, we
have evaluated the BFKL Pomeron contribution to high-mass diffraction
dissociation of the virtual photon. The result is a compact formula which -
we feel - may be a good starting point for a phenomenological discussion of
the photon diffractive dissociation on a proton target in a QCD framework.
Several comments are in order.
(i) Eqn. (4) was obtained by the evaluation of the inverse Mellin trans-
forms in (25) by the saddle-point method. This is expected to be a reasonable
approximation as long as xP is small enough. One often finds convenient,
however, to have a formula for dFDT,L/d
2k which exhibits explicitely the path
integrals in γ and γ′. The result reads
dFDT,L
d2k
=
α5N2e2fn
2
eff
2π9
k−2 x−1P
∫
dγ¯
2πi
(
Q
k
)2−γ¯
e∆(γ¯)(Y−y)ST,L(γ¯)
∫
dγ
2πi
e∆(γ)y
(
kreff(k, γ)
2
)γ
(1− γ)2h(γ)
∫
dγ′
2πi
e∆(γ
′)y
(
kreff(k, γ
′)
2
)γ′
(1− γ′)2h(γ′)
Γ(2− γ¯+γ+γ
′
2
)
Γ(−1 + γ¯+γ+γ
′
2
)
g3P(γ¯, γ, γ
′) (27)
(ii) It is illuminating to compare these results with the one obtained by
integration of the asymptotic formula in impact parameter [9], viz.
FDdipoleTasymptotic =
9πGα5N2
8
e2fn
2
eff
r0Q
2
e2∆P yx−1P
(
2a(y)
π
)3 (
2a(Y −y)
π
) 1
2
β−∆P e−
a(Y−y)
2
ln2(r0Q/2) (28)
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(G ≈ .915 is Catalan’s constant). Equation (28) has been obtained for diffrac-
tion on a single dipole. To compare, one has to take rγeff = r
2−γ
0 W (k, r0, 2−γ)
in formula (27), integrate over d2k and evaluate the path integral by the
saddle-point method. The integration over d2k is done with help of formula
∫
d2kkγ¯−2W (k, r0, 1) W (−k, r0, 1) = π(r0/2)
−γ¯ Γ(γ¯/2)
Γ(1− γ¯/2)
U2(γ¯), (29)
where
U2(γ¯) =
∫
d2t
| t+ || t− |
∫
d2t′
| t′+ || t
′
− |
| t− t′ |−γ¯ (30)
with the two-dimensional vectors t± and t
′
±
given by
t± = t±
n
2
, t′
±
= t′ ±
n
2
. (31)
The integral U2(1) yields [15] :
U2(1) = 2π
4
3F
2
2 (
1
2
,
1
2
,
1
2
; 1, 1; 1) =
Γ8(1/4)
8π2
≈ 378, (32)
where 3F2 is the generalized hypergeometric function.
The resulting formula shows two striking features:
(a) The dependence on Q2, β and xP is exactly the same as in formula
(28). Thus the asymptotic formula correctly reproduces the dependence of
the structure function on the kinematic variables. It is most likely yet another
consequence of the global conformal invariance of the theory [14].
(b) The normalization factors are very different, however, the exact ap-
proach giving a much larger diffractive cross-section than the asymptotic
formula: the enhancement factor given by the ratio
FDdipole
FDdipoleasymptotic
=
U2(1)g3P(1)
128π4G
≈ 257 (33)
is indeed formidable. This is related to the fact that the asymptotic formula
ignores the strong enhancement in the singular region where the impact pa-
rameter is close to the tranverse sizes of the interacting dipoles. For other
targets (e.g. a proton) this enhancement factor is modified, however, de-
pending on the shape of the distribution Φ(r, s).
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(iii) In order to compare our result with the ordinary triple Regge for-
malism [22], we evaluate the effective triple Pomeron coupling emerging from
Eqn.(4). For this sake, let us consider the ratio of the Mellin transforms of the
diffractive and total γ∗-proton cross-sections, defined by σ ≡
∫ dγ¯
2πi
(
Qr0
2
)2−γ¯
σ˜.
Using (4) and Ref. [21], formula (34), one obtains at the saddle-point γ¯ = 1,
1
σ˜(β)
dσ˜
dyd2k
|γ¯=1 =
α3N
64π5
neffe
2∆P y
(
2a(y)
π
)3
g3P(1)
2r2eff(k)
kr0
e
−a(y) ln2
(
kreff (k)
2
)
(34)
Eqn. (34) reveals some similarity with that obtained from Regge theory
in the triple Pomeron region, which for diffractive excitation on the target B
gives
1
σ
dσ
dyd2k
=
g2B(k)
16π2
e2(αP (k)−1) yG3P(k
2), (35)
where gB(k) is the coupling of the Pomeron to the proton and G3P(k
2) is the
triple Pomeron coupling, in the case when the Pomeron is a simple Regge
pole [22]. One observes, however, that Eqn.(34) does not correspond to the
exchange of Regge poles but contains additional logarithmic corrections. This
is not surprising because the BFKL Pomeron corresponds to a Regge cut in
the complex angular momentum [4].
Putting aside the differences between (34) and (35) due to the differ-
ent dynamical content, we are led to estimate an effective triple Pomeron
coupling as:
Geff3P (k) ≈
1
k
g3P(1)
(
α
π
)3 N
4
(
2a(y)
π
)3
. (36)
One sees that the factor 1
k
, which was already observed in Ref. [2], sets the
scale of Geff3P (k) as expected in a conformal invariant theory. On the other
hand, the presence of the factor
(
2a(y)
π
)3
reflects the logarithmic corrections to
the Pomeron singularity and lowers the effective Pomeron intercept [9]. The
factor
(
α
π
)3
is naturally expected for the perturbative 6-gluon coupling. The
value of g3P(1) given in (13), however, largely compensates the smalllness
of the perturbative factor. One thus expects a fairly large diffractive cross-
section in this framework.
(iv) It should be stressed that our analysis is valid only for k different
from 0. The point k = 0 (crucial e.g. for the calculation of nuclear shadowing
9
[23]) is special and thus requires a separate discussion. Note that -until now-
only the forward BFKL amplitudes were subject to a stringent experimental
testing [5, 8]. Thus our calculation enlarges the possibilities of investigating
the relevance of BFKL dynamics in the as yet poorly explored regime of k
different from 0.
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